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The reduced BCS model

H = Zej gZPT

1,0=1
Ny = Zajaajm aha}_, Fj = (P]T)T

Assumptions:
® ¢; =jd (equally spaced levels)

# no partial occupation of the levels
(only seniority-zero states)

# half-filling
(number of levels (£2) = number of particles (2V))

L.ﬂ N even
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Exact solutions

H|U) = EW)|1)
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Exact solutions

o .

# Problem: singularity when E; = E;
# Solution: change of variables

Eox—1 =& —imy, Eon=&6+1m, (A=1,2,--- N/2)

with &, real and »n, either pure imaginary or real

#® Result:
» the Richardson equations depend only on the real
guantities &y, 73

s at the singularity £; and E; (real) turn into two
complex-conjugate pair energies
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Pair energies E,
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Reformulating the ground state

o .

N/2

N
:HB;L‘O HB2/\ 1 A’O
i=1

B;A 1B$A = (F;)Z T ﬁi(@K)Q
0 0
o (20 = 60)% + n — (2¢1, — fA + 13

N.B.: only real quantities are involved in these expressions
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Reformulating the ground state

-

Transformation:

=

{F;> @i}Azl,Q,---,N/Q - {Hz}pzl,Q,---,N

The pairs H;E result from the diagonalization of H In the
space

{r}[0),©}/0)}
They are such that

(O[TI,ITE[0) = 6y, (O[T, HTIT, [0) = &,
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Reformulating the ground state

N/2 N/2 2N
1= e\ p)Th+Y d(X\ 0L = pk,p)P (1<p<N)
A=1 A=1 k=1

The exact ground state results from the diagonalization of
H in the space

P17 P2 PN’O> 2 1<p1<--<pn<N

N.B.:
F Is not complete
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Occupation probabilities

~_ 1e04E (A 2N = =12
g: 1E 12
a = N
= > ok, )]
1(-}02§ k—1
1&04§ (1 <p=< 6)
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Energies of the pairs II

(OTL, HTIT,|0) = €,0,,




Structure of the ground state
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Correlation energy

o

100

~
Qi
T | T

AE/E(%)
4

25

1 15 2
g

E = (V|H|V) — (HF|H|HF)
o B = g {0(IL)*H(IT})°|0) — (HF|H|HF)



Mapping
-

# Fermion space
I
1,
[H};? H]];/] — O, [Hk, HL,] — 5k/€’ + ..

k17 "k kN’O> 1<k <---<kn<N

#® Boson space
f
by
[b};, bL,] = 0, 2% b;t/] = Ok

B ={of0f, b, 10)}

1<k <--<kn<N
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Mapping
-

Transformation operator

V = 10)(0] + 35 |1, k) (L kr| 4+ 3, 12, k2) (2, ko] + - -
=D ok, |7 kn)(n, k|

Boson image of a fermion operator T

—~——

TB — VTVT — Zn,kn Zn/’]{n, ‘na kn><n/7\]gﬂ’T|n/7 kn’>(n/7 k’n,|

Projection operator
0)(0] = 1= Y4 bibe + O(4)

General property of T’z

(n, k|Tg|n', k') = (n, k|T|n’, ') B
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Mapping (results)
-

® Boson Hamiltonian
Hp = Zz 'éz-b;.rbi + Vg
where:

s ¢; Is the energy of the pair H;f

s Vg s an interaction term which contains up to
N-body boson operators

# Boson ground state

V) = i cili)
= X cighrbl bl 0,10
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Structure of the boson ground state
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One-body boson density

n(i, j) = (¥[blb;| W)

e
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(‘I’W;iﬁkfm’) = NgOkk ﬁ;i =S oubl (X = N)
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