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The reduced BCS model

H =
Ω∑

j=1

εjNj − g

Ω∑

i,j=1

P †
i Pj

Nj =
∑

σ

a†jσajσ, P †
j = a†j+a†j−, Pj = (P †

j )†

Assumptions:

εj = jd (equally spaced levels)

no partial occupation of the levels
(only seniority-zero states)

half-filling
(number of levels (Ω) = number of particles (2N ))

N even
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Exact solutions

H|Ψ〉 = E(Ψ)|Ψ〉

|Ψ〉 =
N∏

i=1

B†
i |0〉, B†

i =
Ω∑

k=1

1

2εk − Ei
P †

k

E(Ψ) =
N∑

i=1

Ei

Richardson equations

1 −
Ω∑

k=1

g

2εk − Ei
+

N∑

l(l 6=i)=1

2g

El − Ei
= 0
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Exact solutions

Problem: singularity when Ei = Ej

Solution: change of variables

E2λ−1 = ξλ − iηλ, E2λ = ξλ + iηλ (λ = 1, 2, · · ·, N/2)

with ξλ real and ηλ either pure imaginary or real

Result:
the Richardson equations depend only on the real
quantities ξλ, η2

λ

at the singularity Ei and Ej (real) turn into two
complex-conjugate pair energies
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Pair energies Ei
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|Ψ〉 =
N∏

i=1

B†
i |0〉

B†
i =

Ω∑

k=1

1

2εk − Ei
P †

k

(2N = Ω = 12)
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Reformulating the ground state

|Ψ〉 =
N∏

i=1

B†
i |0〉 =

N/2∏

λ=1

B†
2λ−1B

†
2λ|0〉

B†
2λ−1B

†
2λ = (Γ†

λ)2 + η2
λ(Θ†

λ)2

Γ†
λ =

Ω∑

k=1

2εk − ξλ

(2εk − ξλ)2 + η2
λ

P †
k , Θ†

λ =
Ω∑

k=1

1

(2εk − ξλ)2 + η2
λ

P †
k

N.B.: only real quantities are involved in these expressions
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Reformulating the ground state

Transformation:

{Γ†
λ, Θ†

λ}λ=1,2,···,N/2 −→ {Π†
ρ}ρ=1,2,···,N

The pairs Π†
ρ result from the diagonalization of H in the

space

{Γ†
λ|0〉, Θ

†
λ|0〉}

They are such that

〈0|ΠρΠ
†
ρ′ |0〉 = δρρ′ , 〈0|ΠρHΠ†

ρ′ |0〉 = ε̃ρδρρ′
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Reformulating the ground state

Π†
ρ =

N/2∑

λ=1

c(λ, ρ)Γ†
λ+

N/2∑

λ=1

d(λ, ρ)Θ†
λ ≡

2N∑

k=1

p(k, ρ)P †
k (1 ≤ ρ ≤ N)

The exact ground state results from the diagonalization of
H in the space

F =
{

Π†
ρ1

Π†
ρ2

· · · Π†
ρN

|0〉 ≡ |ρ〉
}

1≤ρ1≤···≤ρN≤N

N.B.:
F is not complete
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Occupation probabilities
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Energies of the pairs Π
†
ρ
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Structure of the ground state
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Correlation energy
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Mapping

Fermion space
Π†

k

[Π†
k, Π

†
k′ ] = 0, [Πk, Π

†
k′ ] = δkk′ + · · ·

F =
{

Π†
k1

Π†
k2

· · · Π†
kN

|0〉
}

1≤k1≤···≤kN≤N

Boson space
b†k

[b†k, b
†
k′ ] = 0, [bk, b

†
k′ ] = δkk′

B =
{

b†k1
b†k2

· · · b†kN
|0)

}
1≤k1≤···≤kN≤N
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Mapping

Transformation operator

V ≡ |0)〈0| +
∑

k1
|1̃, k1)〈1̃, k1| +

∑
k2
|2̃, k2)〈2̃, k2| + · · ·

=
∑

n,kn
|ñ, kn)〈ñ, kn|

Boson image of a fermion operator T

TB ≡ V TV † =
∑

n,kn

∑
n′,kn′

|ñ, kn)〈ñ, kn|T |ñ′, kn′〉(ñ′, kn′ |

Projection operator

|0)(0| = 1 −
∑

k b†kbk + O(4)

General property of TB

(ñ, k|TB|ñ′, k′) = 〈ñ, k|T |ñ′, k′〉
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Mapping (results)

Boson Hamiltonian

HB =
∑

i ε̃ib
†
ibi + VB

where:

ε̃i is the energy of the pair Π†
i

VB is an interaction term which contains up to
N-body boson operators

Boson ground state

|Ψ) =
∑

i ci|i)

=
∑

i ci
1√
Ni

b†i1b
†
i2
· · · b†iN |0)
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Structure of the boson ground state
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One-body boson density
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n(i, j) = (Ψ|b†ibj |Ψ)

(Ψ|β†
kβk′ |Ψ) = nkδkk′ β†

k =
∑

i φikb
†
i (

∑
k nk = N)
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